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[sometric affine actions on Banach spaces and spaces with
labelled partitions

S. Arnt

Abstract

We define the structure of spaces with labelled partitions which generalizes the structure
of spaces with measured walls and study the link between actions by automorphisms on
spaces with labelled partitions and isometric affine actions on Banach spaces, and more
particularly, on LP spaces. We build natural spaces with labelled partitions for the action of
various contructions of groups, namely : direct sum ; semi-direct product ; wreath product and
amalgamated free product. We apply this to prove that the wreath product of a group with
property PLP by a group with Haagerup property has property PLP and the amalgamated
free product of groups with property PLP has property PLP.

1 Introduction

A locally compact second countable group G has Haagerup property (or is a-(T)-menable) if
there exists a proper continuous isometric affine action of G on a Hilbert space ; this property can
be seen as a strong negation of Kazhdan’s property (T) (an overview of the Haagerup property
can be found in [CCJT01]). Groups having Haagerup property are known to satisfy the Baum-
Connes conjecture by a result of Higson and Kasparov in [HKO01] (see [Jul98] for further details).
Haagerup property is closed by taking subgroups, direct products, amalgamated products over
finite subsets but it is not stable by group extensions in general, even in the case of semi-direct
products. However, Cornulier, Stalder and Valette recently proved in [CSV12] that it is stable by
a particular kind of extension, namely the wreath product. They use for their proof the connexion
between Haagerup property and spaces with measured walls, that we will now explain.

A space with walls is a pair (X, W) where X is a set and W is a family of partitions of X
in two pieces called walls such that any pair of points of X is separated by finitely many walls.
This notion was introduced by Haglund and Paulin in [HP98] and generalized in a topological
setting by Cherix, Martin and Valette in [CMV04] to space with measured walls (see Definition
3.16). It was gradually realised that the Haagerup property is equivalent to the existence of a
proper action on a space with measured walls ; more precisely, we have the following theorem : a
locally compact second countable group has the Haagerup property if, and only if, it acts properly
by automorphisms on a space with measured walls. Using results of Robertson and Steger (see
[RS98]), Cherix, Martin and Valette in [CMVO04], proved this theorem for discrete groups and
Chatterji, Drutu and Haglund extended the equivalence to locally compact second countable
groups using the notion of median metric spaces in [CDH10]. The stability of the Haagerup
property by wreath product was established in [CSV12] by constructing a space with measured
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walls from the structures of measured walls on each factor, and moreover, in the same article,
Cornulier, Stalder and Valette generalized this result to the permutational wreath product (see
Definition 5.1) when the index set I is a quotient by a co-Haagerup subgroup of the shifting
group G (see [CI11] for a counter example when the pair (G, I) has relative property (T)). This
result led to the first example of Haagerup groups which are not weakly amenable in the sense
of [CHS&9].

The notion of Haagerup property naturally extends to proper isometric affine action on Banach
spaces. Recent works have been made about isometric actions on Banach spaces : in [HP06],
Haagerup and Przybyszewska showed that every locally compact second countable group G acts
properly by affine isometries on the reflexive Banach space @ieN L?"(G, p) where p is the Haar
measure ; Cornulier, Tessera, Valette introduced in [CTV08] property (BP)’) for V a Banach
space as a tool to show that the simple Lie group G = Sp(n, 1) acts properly by isometries on
LP(G) for p > 4n + 2; in [BFGMO7], Bader, Furman Gelander and Monod, studied an analog
of property (T) in terms of LP spaces and more generally, of superreflexive Banach spaces. One
of the motivation of this topic is given by a recent result of Kasparov and Yu in [KY12] which
asserts that the existence of coarse embeddings of a finitely generated group in a uniformly convex
Banach space implies the coarse geometric Novikov conjecture for this group. See [Now13] for
an overview of results and questions about isometric affine actions on Banach spaces.

We will focus on specific Banach spaces, namely, LP spaces. For p > 1, we say that a locally
compact second countable group G has property PLP (or is a-FLP-menable) if there exists
a proper continuous isometric affine action on a LP space. See for instance [CDH10], for a
characterisation of property PLP for p € [1,2] in terms of Haagerup property. An important
example is the following theorem due to Yu (see [Yu05]) : let I' be a discrete Gromov hyperbolic
group. Then there exists p > 2 such that I' has property PLP. Yu proved this result by giving
an explicit proper isometric affine action of I' on /P(I' x T" | d(x,y) < R) using a construction of
Mineyev in [Min01]; see [Boull] or [Nic12] for other proofs of this result in terms of boundaries
of G. A remarkable consequence is that there exists infinite groups with property (T) (and hence,
without Haagerup property) which have property PL?P for some p > 2.

In this paper, we define a generalization of the structure of spaces with measured walls,
namely, the structure of spaces with labelled partitions which provides a flexible framework, in
terms of geometry and stability by various type of group constructions, for isometric affine actions
on Banach spaces. In Paragraph 3.3, we establish the following result which links isometric affine
actions on Banach spaces and actions by automorphisms on spaces with labelled partitions :

Theorem 1. Let G be topological group.

1. If G acts (resp. acts properly) continuously by affine isometries on a Banach space B then
there exists a structure (G, P, F(P)) of space with labelled partitions on G such that G acts
(resp. acts properly) continuously by automorphisms on (G, P, F(P)) via its left-action on
itself. Moreover, there exists a linear isometric embedding F(P) — B.

2. If G acts (resp. acts properly) continuously by automorphisms on a space with labelled
partitions (X, P, F(P)) then there exists a (resp. proper) continuous isometric affine action
of G on a Banach space B. Moreover, B is a closed subspace of F(P).

This theorem can be rephrased in the particular case of LP spaces as follows :

Corollary 2. Let p > 1 with p ¢ 2Z~ {2} and G be a topological group. G has property PLP if,
and only if, G acts properly continuously by automorphisms on a space with labelled partitions
(X,P,F(P)) where F(P) is isometrically isomorphic to a closed subspace of an LP space.



A crucial factor in the definition of space with labelled partitions is the “geometric” unders-
tanding of the construction of Mineyev in [Min01] used by Yu in [Yu05] to exhibit a proper
action of discrete hyperbolic groups on some P space. Moreover, another inspiration for this
definition comes from [CCJ101] Proposition 7.4.1 where Valette states the following geometric
characterisation of the Haagerup property for locally compact groups : GG has the Haagerup
property if, and only if, there exists a metric space (X,d) on which G acts isometrically and
metrically properly, a unitary representation w of G on a Hilbert space H,, and a continuous
map c¢: X x X — H, such that :

1. Chasles’ relation :

for all z,y,z € X, c(z,2) = c(z,y) + c(y, 2) ;
2. G-equivariance condition :
for all z,y € X, g € G, c(gz,gy) = 7(g)c(z,y) ;
3. Properness condition :
if d(z,y) — +o0, then ||c(z,y)||n, — +oo.
To emphasize the connection with this result, we use the same notation ¢ (for cocycle) for the
separation map c¢: X x X — F(P) associated with a set of labelling functions P (see Definition
3.3). In fact, an immediate consequence of Theorem 1 Statement 1. is that the separation map
¢, of the set of labelled partitions associated with a proper isometric affine action « on a Banach
space (see Definition 3.32), satisfies the conditions 1., 2., and 3. mentionned above.

We describe, in Part 2., the maps that preserve the structure of spaces with labelled partitions

in order to define actions by automorphisms on a space with labelled partitions. This notion of
homomorphisms of spaces with labelled partitions generalizes the notion of homomorphisms of
spaces with measured walls (see [CDH10] Definition 3.5).
We discuss some constructions of spaces with labelled partitions for the direct sum, semi-direct
product, wreath product and amalgamated free product in Sections 4, 5 and 6. We apply these
constructions in the case of groups with property PLP and we obtain the following stability
properties :

Theorem 3. Let H,G be countable discrete groups, L be a subgroup of G and p > 1, with
p & 27 ~ {2}. We denote by I the quotient G/L and W = @; H. Assume that G is Haagerup,
L is co-Haagerup in G and H has property PLP.

Then the permutational wreath product H iy G = W x G has property PLP.

Theorem 4. Let G, H be countable discrete groups, F' be a finite group such that F — G and
F — H and p > 1 with p ¢ 2Z ~ {2}. Then G, H have property PLP if, and only if, G xp H has
property PLP.

We mention that, in his thesis, Pillon obtains by other methods the stability of property PL?
by amalgamated free product over finite subgroups and he also computes a lower bound for the
equivariant LP-compression of such a product in terms of the equivariant LP-compression of the
factors. More precisely, he exhibits an explicit proper cocycle for a representation of the product
built from the induced representations of the factors.
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Subsequently, all topological groups we consider are assumed to be Hausdorff.

2 Preliminaries

2.1 Metrically proper actions

A pseudo-metric d on a set X is a symmetric map d : X x X — R which satisfies the triangle
inequality and d(x,z) = 0. But unlike a metric, a pseudo-metric need not separate points.

Definition 2.1. Let G be a topological group acting continuously isometrically on a pseudo-
metric space (X,dx). The G-action on X is said metrically proper if, for all (or equivalently,
for some) xp € X :

lim dx(g.xg,x0) = +00,
g—ro0

i.e., in other words, for all R > 0, the set {g € G | dx(g.x0,x0) < R} is relatively compact in G.

Let X be a set endowed with a pseudo-metric d. We put on X the following equivalence
relation : for z,2" € X, z ~ 2 if, and only if, d(z,2) = 0, and we denote by Y the quotient
set X/ ~. Then we can define a metric d on Y by setting, for z,2" € X, d([z], [z]) = d(z,2’).

Moreover, an isometric group action (X,d) preserves the classes of ~ and then induces an
isometric action on (Y, d).

Lemma 2.2. Let G be a topological group acting continuously isometrically on a pseudo-metric
space (X,d). The G-action on X is metrically proper if, and only if, the induced G-action on

the quotient metric space (Y,d) is metrically proper.

2.2 Isometric affine actions

Definition 2.3. We say that the action of a topological group G on a topological space X is
strongly continuous if, for all x € X, the orbit map from G to X, g — gz is continuous.

Let G be a topological group and let (B, ||.||) be a Banach space on K =R or C.

Definition 2.4. A continuous isometric affine action o of G on B is a strongly continuous
morphism
a: G — Isom(B) N Aff(B).

Notice that if B is a real Banach space, then, by Mazur-Ulam Theorem,
Isom(B) N Aff(B) = Isom(B).

Proposition 2.5. A continuous isometric affine action o of G on B is characterised by a pair
(m,b) where :

— T s a strongly continuous isometric representation of G on B,

- b: G — B is a continuous map satisfying the 1-cocycle relation : for g,h € G,

b(gh) = m(g)b(h) + b(g)-
And we have, for g € G, x € B :

a(g)r = m(g)z + b(g).



Definition 2.6. Let o be a continuous isometric affine action of G on B. We say that o is
proper if the action of G on the metric space (B,d”_”) is metrically proper where d | is the
canonical metric on B induced by the norm ||.||.

Proposition 2.7. A continuous isometric affine action o of G on B is proper if, and only if

b 2 +oc.

Definition 2.8. Let p > 1. We say that G has property PLP (or is a-F LP-menable) if there
exists a proper continuous isometric affine action of G on a LP space.

2.3 On isometries of LP-spaces

In general, for p > 1, a closed subspace of a LP-space is not a LP-space (exempt the special case
p = 2); but, in [HJ81], Hardin showed the following result about extension of linear isometries
on closed subspace of a LP (here, we give a reformulation of this result coming from [BFGMO07],
Corollary 2.20) :

Theorem 2.9. Let p > 1 with p ¢ 27Z ~ {2} and F be a closed subspace of LP(X,u). Let
w be a linear isometric representation of a group G on F. Then there is a linear isometric

representation o of G on some other space LP(X' ') and a linear G-equivariant isometric
embedding F — LP(X', 1).

An immediate consequence is the following :

Corollary 2.10. Let p > 1 with p ¢ 27~ {2}, F be a closed subspace of a LP-space and G be a
topological group. If G acts properly by affine isometries on F, then G has property PLP.

In Section 4, we embed linearly isometrically into LP spaces some normed vector spaces
isometrically isomorphic to a direct sums of LP spaces thanks to the following basic result :

Definition 2.11. Let I be a countable index set, (B, ||.|| 5, )icr be a family of Banach spaces and
p > 1. We call ¢P-direct sum of the family (B;) the space :

B=yB = {(xi),-g e[[Bil X Il < —i—oo} ,
el el el

and we denote, for x = (z;) € B,

1
p
2y = (Z H%HZZ) ~

el

The space B = @, ;" B; endowed with the norm ||.||, is a Banach space, and moreover, we
have :

Proposition 2.12. Let I be a countable index set, p > 1 and (LP(X;, i;))icr be a family of

LP-spaces. Then (@pr(Xi,ui), HHp) is isometrically isomorphic to a LP-space.
el



3 Spaces with labelled partitions and actions on Banach Spaces

In this section we will introduce the structure of space with labelled partitions and record for
further use a few basic properties.

3.1 Spaces with labelled partitions
1. Definitions

Let K=R or C.

Consider a set X and a function p : X — K. There is a natural partition P = P(p) of X
associated with p :
We have the following equivalence relation ~, on X : for z,y € X,

x ~p y if, and only if, p(z) = p(y).

We define the partition associated with p by P(p) = {7‘(’;1(}1) | h € X/ ~,} where m, is the
canonical projection from X to X/ ~,.

Definition 3.1. Let X be a set, and P = {p: X — K} be a family of functions.
— We say that p is a labelling function on X and the pair (P,p) is called a labelled partition
of X.

— We say that x,y € X are separated by p € P if p(x) # p(y) and we denote by P(x|y) the
set of all labelling functions separating x and y.

Remark 3.2. The terminology “x and y are separated by p” comes from the fact that, if we
denote by P the partition of X associated with p, x and y are separated by p if, and only if, x
and y belongs to two different sets of the partition P i.e. P separates x and y.

Consider a set P of labelling functions on X, and the K-vector space F(P,K) of all functions
from P to K. Then we have a natural map ¢ : X x X — F(P,K) given by : for z,y € X and
peP,

c(z,y)(p) = p(x) — p(y).

Notice that p belongs to P(z|y) if, and only if, ¢(z,y)(p) # 0.
Definition 3.3. Let X be a set and P be a family of labelling functions. The map ¢ : X x X —

F(P,K) such that, for z,y € X and for p € P, c¢(x,y)(p) = p(x) — p(y) is called the separation
map of X relative to P.

We now define the notion of space with labelled partitions :

Definition 3.4 (Space with labelled partitions).

Let X be a set, P be a family of labelling functions from X to K and (F(P),|.||) be a semi-
normed space of K-valued functions on P such that the quotient vector space F(P) of F(P) by
its subspace F(P)o = {£ € F(P) | ||£]| = 0} is a Banach space.

We say that (X, P, F(P)) is a space with labelled partitions if, for all x,y € X :

c(z,y) : P — K belongs to F(P).



Definition 3.5. If (X, P, F(P)) is a space with labelled partitions, we can endow X with the
following pseudo-metric : d(z,y) = ||c(z,y)| for z,y € X.
We call d the labelled partitions pseudo-metric on X.

Remark 3.6. If (X,P,F(P)) is a space with labelled partitions, then the separation map c :
X x X — F(P) is continuous where X x X is endowed with the product topology induced by the
topology of (X,d).

2. Actions on spaces with labelled partitions

Here, we describe the maps that preserve the structure of space with labelled partitions.

Definition 3.7 (homomorphism of spaces with labelled partitions). Let (X, P, F(P)), (X', P', F'(P"))
be spaces with labelled partitions and let f: X — X' be a map from X to X'.

We say that f is a homomorphism of spaces with labelled partitions if :

1. for any p' € P', ®s(p') :=p' o f belongs to P,
2. for all § € F(P), £ o @ belongs to F'(P') and,

Hé © (I)fHF/(p/) = ||£HF(7>) .

An automorphism of the space with labelled partitions (X, P, F(P)) is a bijective map f : X — X
such that f and f~1 are homomorphisms of spaces with labelled partitions from (X, P, F(P)) to

Remark 3.8.
- If f is a homomorphism of spaces with labelled partitions, then f is an isometry from X to X’
endowed with their respective labelled partitions pseudo-metrics ; indeed, for z,y € X,

dx(z,y) = ”C(x7y)”F(7>) = [le(z,y) o (I)fHF/(p/) = ”c/(f(x)7f(y))”pl('p/) =dx (f(z), f(v)),

since we have c(x,y) o @y = (f(x), f(y)).
- If f is an automorphism of space with labelled partitions, the map ®5 is a bijection : (tIDf)_1 =
D,

f

Proposition 3.9. Let (X,P,F(P)), (X', P',F'(P)),(X",P",F"(P")) be spaces with labelled
partitions and f: X — X', f': X' — X" be homomorphisms of spaces with labelled partitions.
We denote ®¢ the map such that ®¢(p') := p' o f, for p € P', and @y the map such that

¢fl(p//) — p// o f/’ for p// c P//‘
Then f'of is a homomorphism of spaces with labelled partitions from (X, P, F(P)) to (X", P", F"(P"))
and we have, by denoting ® o7 (p") :=p" o (f' o f) :

q)f o (I)f/ = (I)flof,

Proof. For all p” € P”, we have :



Sprop(p”) =p"o(f o f)
=(p"of)of
=@ (p") o f with @4 (p”) € P’ by Definition 3.7
= ®4(Pp(p”)) and hence,

Prof(p’) = ®poPp(p”) € P by Definition 3.7.

It follows that (I)f ®) q)f/ = q)f’of-

Now, let £ € F(P). Since £ o @ belongs to F'(P’),
go <I>f/0f = (g e} (I)f) o Q)f/ - F”(PH),
and we clearly have, using the previous equality,

”g © cI)f’ofHF//(pu) = ”g © q)f”p/(p/) = |’§HF(7D)'
]

Remark 3.10. Assume a group G acts by automorphisms on (X, P,F(P)). For g € G, we
denote by 7(g) : X — X, the map x — 7(g9)x = gx. Then, by Proposition 3.9, we have :

P (g2) © Pr(gr) = Pr(grgn)

Definition 3.11. Let (X, P, F(P)) be a space with labelled partitions and G be a topological
group acting by automorphisms on (X, P, F(P)).

— We say that G acts continuously on (X, P, F(P)), if the G-action on (X,d) is strongly
continuous.

— We say that G acts properly on (X,P,F(P)), if the G-action on (X,d) is metrically
proper where d is the labelled partitions pseudo-metric on X.

Remark 3.12. Notice that if a topological Hausdorff group G acts properly continuously by
automorphisms on a space (X, P, F(P)) with labelled partitions, then it is locally compact and
o-compact : in fact, let xg € X ; forr >0, V., = {g € G | d(gxo,x0) < 1} is a compact neigh-
bourhood of the identity element e in G since the action on (X,d) is strongly continuous and
proper, and we have G = Upens Vi,

Proposition 3.13. Let G be a topological group. Assume G acts continuously by automorphisms
on (X,P,F(P)).

The G-action on (X,P,F(P)) is proper if, and only if, for every (resp. for some) xyg € X,
lle(gzo, o) || — oo when g — oo.

Proof. 1t follows immediatly from the definition of a metrically proper action. U

Lemma 3.14 (pull back of space with labelled partitions). Let (X, Px, Fx(Px)) be a space with
labelled partitions, Y be a set and f:Y — X be a map. Then there exists a pull back structure
of space with labelled partitions (Y, Py, Fy (Py)) turning f into a homomorphism.

Moreover, if G acts on'Y and G acts continuously by automorphisms on (X, Px, Fx(Px)) such
that f is G-equivariant, then G acts continuously by automorphisms on (Y, Py, Fy(Py)).



Proof. We consider the family of labelling functions on Y :

,PY:{pOf‘pGIPX},

and let cy be the separation map on Y associated with Py.
Let T : Vect(cy(y,v') | y,¥' € Y) — Fx(Px) be the linear map such that T'(cy(y,y')) =
ex(f(y), f(¥)). The map T is well defined and is injective since, for every p € Py,

ex(f), fW) ) =po fly) —po f¥) =ev(y, ¥ )(po f).

On Vect(cy (y,v') | y,y' € Y), we consider the following norm :
for & € Vect(cy (y,9) | v,y €Y), we set,

1€y = 1Tl o

And we set Fy (Py) = Vect(cy (y,v') |,y € Y)I|-”PY. Hence, by construction, (Y, Py, Fy (Py))
is a space with labelled partitions and f is clearly an homorphism from (Y, Py, Fy (Py)) to
(X,Px, F(Px)) since, for all y,y' € Y,

ey (y,y) o @ = ex(f(y), f(¥)),

where ®¢(p) = po f for p € Px.

Assume that G acts on Y via 7y and G acts continuously by automorphisms on (X, P, F(P))
via Tx, and f is G-equivariant. We denote, for p € Px and g € G :
- <I>Tx(g) (p) =po TX(g) and,
- Pry )00 f) = (po f) oty (g).
Since f is G-equivariant and Px is stable by 7x, we have, for all p € Px and all g € G :

(pof)ory(g) = (potx(g))of € Py.

Now, for every £ € Fy(Py) and every g € G, we have :

160 @yl = IT(E) 0 Br (o)l imy = 1Tl iy = €] -

It follows that G acts by automorphisms on (Y, Py, Fy (Py)).

Moreover, we have, for every y € Y and every g € G, dy(mv(9)y,y) = dx(tx(9)f(y), f(v)),
where dx and dy are the labelled partitions pseudo-metric on respectively X and Y. Hence, for
y €Y, y— 1v(g)y is continuous from G to (Y, dy). O

Definition 3.15. Let (X, Px, Fx(Px)) be a space with labelled partitions, Y be a set and f :
Y — X be a map. The structure of space with labelled partitions (Y, Py, Fy (Py)) given by
Lemma 3.1} is called the pull back by f of the space with labelled partitions (X, Px, Fx(Px)).

10



3.2 Examples
1. Spaces with measured walls

Our first example of spaces with labelled partitions is given by spaces with measured walls.
Here we cite the definition of the structure of space with measured walls from [CSV12].

Let X be a set. We endow 2% with the product topology and we consider, for z € X, the clopen
subset of 2%, A, :={AC X |z € A}.

Definition 3.16. A measured walls structure is a pair (X, u) where X is a set and p is a Borel
measure on 2% such that for all x,y € X :

dy(z,y) == pu(Az A Ay) < 400

Proposition 3.17. Let (X, ) be a measured space with walls. Then, for every real number
q>1, (X,P,Li(P,pn)) is a space with labelled partitions where P = {1, | h € 2X}.
Morever, we have, for x,y € X,

le(z, y)lIg = dulz,y)-
Proof. We denote P = {1; | h € 2X}. Then P is a family of labelling functions on X and we

denote by ¢ the separation map of X associated with P.
Let #,y € X. For h € 2%, we have :

c(@,y)(1n) = La(x) — Ln(y) = La, (h) — La, (h).

The function f : 2X — P such that, for h € 2%, f(h) = 1, is a bijection, and we endow P with
the direct image topology induced by f. Then, u* : P — R such that, for any Borel subset A of
P, p*(A) = p(f~1(A)) is a Borel measure on P.

We have (@)l = fplee:p) @I (7) = fox [1a.(0) = 1a, (O du(h) = e & 4), and
then :
le(z, )| = du(z,y) < +o0.

It follows that, for all z,y € X, ¢(x, y) belongs to LI(P, u) and hence, (X, P, LY(P, u)) is a space
with labelled partitions. O

11



h h*
\ 4 4 \ 4 *——@ \ 4 \ 4 \ 4
L
. 4 v 3 \ 4 *——& \ 4 \ 4 4
L 4 L 4 \ 4 *——@ \ 4 \ 4 \ 4
4 4 \ 4 *——@ 4 4 \ 4

*——o
¢
¢
*— —o

kC

Examples of walls in Z2.

2. Gromov hyperbolic groups

The following Lemma is a reformulation of a result of Yu (see [Yu05], Corollary 3.2) based
on a construction of Mineyev in [Min01].
For a triple z,y, z in a metric space (X, d), we denote by (z|y), = %(d(m, 2)+d(y,z) —d(x,y)).

Lemma 3.18 (Mineyev, Yu). Let I be a finitely generated §-hyperbolic group. Then there exists a
I-equivariant function h : T'xT' — F.(T') where Fo(I') = {f : I' — R with finite support | ||f|l1 =
1} such that :

1. for all a,z € T, supp h(z,a) C B(a,106),
2. there exists constants C' > 0 and € > 0 such that, for all z,2',a €T,

17z, a) = h(a', a)|y < Cem=*Da,
3. there exists a constant K > 0 such that, for all x,2’ € T’ with d(x,z") large enough,

#{a €T | supph(z,a) Nsupp h(z',a) =0} > d(z,2") — K.

12



\supp{ h(.,a)(b))

Support of the labelling function associated with (a,b) with d(a,b) = 104.

This Lemma gives us a way to build a structure of labelled partitions on Gromov hyperbolic
groups :

Proposition 3.19 (Labelled partitions on a d-hyperbolic group). Let I' be a finitely generated
d-hyperbolic group and we denote P = {(a,b) € ' x I" | d(a,b) < 100}. There exists qo > 1 such
that, for all ¢ > qo, (I, P,£1(P)) is a space with labelled partitions.

Remark 3.20. Notice that, stated this way, P is not a set of labelling functions on I'. Implicitely,
we do the following identification :

{(a,b) € xT'| d(a,b) < 106} ~ {z — h(a,z)(d) | (a,b) € T? with d(a,b) < 105}.
In fact, © — h(a,x)(b) is uniquely determined by the pair (a,b).

Proof of Proposition 3.19. We fix a finite generating set of I' and we denote d the word metric
associated with it (and such that I' is Gromov hyperbolic of constant ¢ with respect to d). As
I" is uniformly locally finite, there exists a constant & > 0 such that, for all r > 0 and z € T,
#B(x,r) <K'

In(k)
€

Z k"e ™ < 4-o00.
neN

Let € be as in 2. Lemma 3.18 and set ¢y =

. Let ¢ > ¢¢. Then for all ¢ > qo,

13



Let h be the function given by Lemma 3.18 and notice that, for z, 2, a € T, since #supp(h(x,a)) <
k,
1
Ih(z,a) — h(z',a)llq < 2k ||h(z,a) — h(z',a)llL. (%)
As said in the previous remark, we can see P as a set of labelling functions on I' using the
function h : we set, for (a,b) € P and x € T,

(a,b)(z) := h(x,a)(b).

We denote by ¢ the separation map associated with P. We have, for z,2’ € T,

le(z, ) fopy = D Ih(z,a)(b) = h(z,a) ()],

(a,b)eP
= Z |h(x,a) — h(z,a)||7 by 1. Lemma 3.18,
acl
< Y 2%k[lh(z,a) — h(z, )| by (%),
acl
< (2C)%Ze‘q€(x‘xl)“ by 2. Lemma 3.18,
acl’
< (Qc)qk,ze—qe(d(r7a)—d(r7r’)),
acl
< (20)% Z ke (n=d@2) "and hence, since ¢ > qo :
neN

le(z, 2) By < (20)7e0) < too

Thus ¢(x,2’) belongs to (P(P) for all x,2’ € T. It follows that (I',P,¢?(P)) is a space with
labelled partitions. O

Proposition 3.21. Let I be a finitely generated §-hyperbolic group. Let qy > 1 as in Proposition
3.19 and for q > qo, let (I',P,£2(P)) be the space with labelled partitions given by Proposition
3.19. Then the action of I' by left-translation on itself induces a proper action of I' by automor-
phisms on (I', P, ¢1(P)).

Proof. We keep the notations used in the proof of Proposition 3.19. We first show that I" acts by
automorphisms on (I', P, ¢4(P)). Let v,z € I" and (a,b) € P. Since h is [-equivariant, we have :

®, ((a,0))(x) = (a,b)(yz) = hiyz,a)(b) = h(z,7" " a)(y"'b) = (v a,77'b)(x),
And hence,
q>“/((av b)) = (7_1a77_1b) eP.

Moreover, for £ € ¢4(P), we have :

€@ )19, = D €6 a MBI,

(a,b)eP

= Z ‘f(a, b)‘q)

(ya,yb)eP

- Y e,

(a,b)eP
H§O®'Y”Zq(»p) = |’§ng(7))

14



It follows that I' acts by automorphisms on (I', P, ¢4(P)).

Now, consider the identity element e of I' and let v € I
We denote A = {a € T | supph(y,a) N supph(e,a) = O}. Notice that for every z,a € T,
|h(z,a)|lq > 7. We have, by 3. Lemma 3.18, when d(v, e) is large enough :

ler oL, = S lh(a) - hle, )3,

ael’
2.4 .
> Y lh(ra) = he,a)lly = Y037 since [h(z,a)l, = §
acA acA
2
letr el > ()7(d(r,6) ~ K).
And hence, when v — oo in I', we have : |[c(y, )]l ., = (2)1(d(y,e) — K) — +0oc. 0

3. Labelled partitions on metric spaces

It turns out that any pseudo-metric spaces (X, d) can be realized as a space with labelled par-
titions (X, P, F(P)) with F(P) ~ ¢°°(X) and such that the pseudo-metric of labelled partitions
is exactly d :

Proposition 3.22. Let (X,d) be a pseudo-metric space and consider the family of labelling
functions on X :
P=A{p,:z—d(z,2) |z € X}

Then (X, P,0>°(P)) is a space with labelled partitions.

Moreover, for all x,y € X,
dp(ﬂ?, y) = d(l’, y)a

where dp is the pseudo-metric of labelled partitions on X.

Proof. Let ¢ be the separation map associated with P = {p, :  — d(z,2) | z € X}. Forz,y € X
and p, € P, we have :

c(x,y)(p2) = p2(z) — p2(y) = d(x, 2) — d(y, 2) < d(z,y),

and, in particular, c¢(x,y)(py) = d(z,y), then,

le(@, Y)lloe = sup |e(z, y)(p:)| = d(z,y).
p=€P

Hence, (X, P,¢>°(P)) is a space with labelled partitions and dp(z,y) = ||c(x,y)||ec = d(z,y). O

This result motivates the study of structures of spaces labelled partitions on a pseudo-metric
space X : can we find other Banach spaces than ¢>°(X) which gives a realization of the pseudo-
metric on X as a pseudo-metric of labelled partitions ?

A first element of answer is given by the case of the discrete metric on a set. On every set,
we can define a structure of labelled partitions which gives the discrete metric on this set :
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Proposition 3.23. Let X be a set and P = {A, | x € X} be the family of labelling functions
1

where, forx € X, Ay =27 46,.

Then, for every q > 1, (X, P,44(P)) is a space with labelled partitions.

Proof. We have, for z,y,z € X with x £y :

0if z ¢ {x,y}
:I:Q_% otherwise.

ol 9)(A2) = Au() — Asly) = {
and then,

le(@, y)l1F = > le(@, y) (A)|" = le(z, y)(An)|? + |e(z,y)(4y)]* = 1.
zeX

O

Notice that the labelled partitions pseudo-metric d on X in this case is precisely the discrete
metric on X i.e. d(xz,y) =1 for all x,y € X, x # y.

Definition 3.24 (Naive ¢9 space with labelled partitions). Let X be a set and P = {A, | x € X }.
For q>1, (X,P,0%(P)) is called the naive ¢4 space with labelled partitions of X.

Remark 3.25. Let X be a set, ¢ > 1 and G a group acting on X. Then G acts by automorphisms
on the naive £1 space with labelled partitions of X.

In fact, if, for g € G, we denote 7(g) : x — gz, we have, for z € X,
A,o7(g9) =Ay1, €P,

and, for all & € L1(P),

g0 @l =D [€(Ag)l1= D [6(A)1 =D [E(A)I = [iEllZ.

reX g*l rxeX reX

4. Labelled partitions on Banach spaces

Every Banach space has a natural structure of space with labelled partitions and the metric
of labelled partitions of this structure is exactly the metric induced by the norm.
Let f be a K-valued function on a set B and k € K. We denote f + k := {z — f(x) + k}.

Definition 3.26. Let B be a Banach space and B’ be its topological dual. The set :
P={f+k|feB, keK}

is called the natural family of labelling functions on B.
Let ¢ be the separation map on B associated with P. We denote :

5(P) = {c(x,2") | z,2’ € B}.
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Remark 3.27. This definition and the fact that the natural family of labelling functions contains
the constant functions are motivated by the following : as we shall see in Lemma 3.30, a G-action
on a Banach space B by affine isometries induces an action of G on the natural family of labelling
functions on B.

Proposition 3.28. Let (B,||-||) be a Banach space and P be its natural family of labelling
functions. Then §(P) is isomorphic to B and (B, P,0(P)) is a space with labelled partitions
where 6(B) is viewed as an isometric copy of B. Moreover, we have, for x,2' € B :

d(x7x/) = ”x - ‘7:/H7
where d is the pseudo-metric of labelled partitions on (B, P,d(P)).

Proof. Let P :={f+k | f € B, k € K} and let ¢ be the separation map on B associated
with P. Notice that for all z,2" € B, ¢(z — 2/,0) = ¢(x,0) — ¢(2/,0) = ¢(x,2’). Then the map
T : B — 0(B) such that x — ¢(z,0) is clearly a surjective linear operator. Now, we have
c(xz,0) = 0 & Vf € B, f(x) = 0, and hence, by Hahn-Banach Theorem, T is injective. It
follows that T is an isomorphism.

The quantity |c(z,')||;, = [[* — 2'|| defines a norm on 6(P) and hence, (6(P), [|.[l;,) is a
Banach space as T' is an isometric isomorphism. It follows immediately that (B,P,d(P)) is a
space with labelled partitions. O

Definition 3.29. Let B be a Banach space. The space with labelled partitions (B, P,0(P)) where
P={f+k|feB, keK} and 5(P) ~ B is called the natural structure of labelled partitions
on B.

Lemma 3.30. Let G be a topological group. Then a continuous isometric affine action of G on
a Banach space B induces a continuous action of G by automorphisms on the natural space with
labelled partitions (B, P,d(P)) on B.

Proof. Let a be a continuous isometric affine action of G on a Banach space B with linear part
7 and translation part b. Let (B,P,d(P)) be the natural space with labelled partitions on B.
Notice that for all f € B’, fom(g) € B’ since 7 is an isometric representation. Hence, for all
geGandp=f+keP:

poalg) = foalg) +k=fon(g)+ (k+ f(blg))) € P.
We denote, for g € G and p € P, ®4(p) = po a(g). We have, for g € G and c¢(z,2’) € 6(P),

le(@,27) 0 Ryl = lle(alg)z, a(g)a) 5z
= lalg)z = alg)d'],
= m(g)(z =),
= ”.’L’ - ‘T/”7

||C(33‘,l‘,) ° (I)gH(s(P) = ||C(l‘,l‘,)‘|5(7,).

It follows that G acts by automorphisms on (B, P,d(P)) and this action is clearly continuous
since d(z,2’) = ||x — 2'|| where d is the pseudo-metric of labelled partitions. O

In the particular case of a real Banach space B, we can consider another family of labelling
functions on B which is composed of functions valued in {0,1}; hence, it can be tought as
characteristic functions of half spaces of the real Banach space B :
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Definition-Proposition 3.31. Let B be a real Banach space, B’ be its topological dual and
SB’ its unit sphere (for the operator norm). For f € SB’ and k € R, we define the function
prr: B —{0,1} by, forz € B :

pr(z) = {1 if f(x) —k>0

0 otherwise.

We set P = {psi | f € SB', k € R} and F(P) = Vect(c(z,y) | z,y € B) where c¢ is the
separation map associated with P. Then, for £ € F(P), the quantity

Il == sup \ / §<pf,k>dk\
fesB’ R

is a semi-norm on F(P) and F(P) = F(P)/{{ | €| = 0} is a Banach space isometrically
isomorphic to B. Moreover, (B, P, F(P)) is a space with labelled partitions and we have, for all
T,y € B :

dp(2,y) = c(z,y)| = llz -yl 5.

Proof. First, notice that for x,y € B and py; € P, we have :

£1if f(2) > k> f(y) or f(y) >k > f(x)
0 otherwise.

c(z,y)(prk) = prw(®) —pri(y) = {

Hence, for f € SB’,

) @) = fy) if f(z) = f(y)
/ﬂgc(i”’y)(pf’k)dk - {f(y — f@)if f(y) > f(2)

)

It follows that [|c(z,y)|| = supsesp | f(x) = f(y)| = |z =yl < 400 (¥).

Now, for € = 3> Ac(rsus) € F(P). K] < I

on F(P).

Let us now consider the quotient F(P) = F(P)/ ~ where £ ~ £’ if, and only if ||§ — &'|| = 0. For
A€ Rand x,y € B, we have ¢(Ax+ py, 0) ~ Ae(x,0)+ pe(y, 0) and c(z —y,0) ~ c(z,y). Thus,
T : B — F(P) such that T'(x) = ¢(x,0) is an isomorphism and by (k) it is isometric. Hence,
F(P) is a Banach space isometrically isomorphic to B and (B, P, F(P)) is a space with labelled
partitions. O

lle(xs, v:)|| < +o00, and then, ||.|| is a semi-norm

3.3 Link with isometric affine actions on Banach spaces

In this section, we aim to prove the two statements of Theorem 1 which gives an analog of
the equivalence between proper actions on spaces with measured walls and Haagerup property in
terms of proper actions on spaces with labelled partitions and isometric affine actions on Banach
spaces ; and more particularly in the case of LP spaces, using Hardin’s result about extension of
isometries on closed subspaces of LP spaces.

Theorem 1.
Let G be topological group.
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1. If G acts (resp. acts properly) continuously by affine isometries on a Banach space B then
there exists a structure (G, P, F(P)) of space with labelled partitions on G such that G acts
(resp. acts properly) continuously by automorphisms on (G, P, F(P)) via its left-action on
itself. Moreover, there exists a linear isometric embedding F(P) — B.

2. If G acts (resp. acts properly) continuously by automorphisms on a space with labelled
partitions (X, P, F(P)) then there exists a (resp. proper) continuous isometric affine action
of G on a Banach space B. Moreover, B is a closed subspace of F(P).

Corollary 2.

Let p > 1 with p ¢ 2Z ~ {2} and G be a topological group. G has property PLP if, and only if,
G acts properly continuously by automorphisms on a space with labelled partitions (X, P, F(P))
where F(P) is isometrically isomorphic to a closed subspace of an LP space.

Proof of Corollary 2. The direct implication follows immediately from 1) Theorem 1.

Now, assume G acts properly continuously by automorphisms on a space (X, P, F(P)) and
T:F(P)— LP(X,p) is a linear isometric embedding.

By 2) Theorem 1, there is a proper continuous isometric affine action « of G on a closed subspace
B of F(P) with a(g) = 7(g) + b(g). Thus, as T is a linear isometry, T'(B) is a closed subspace
of LP(X, i) and o such that o/(g) = T om(g) o T~ 4+ T(b(g)) is a continuous isometric affine
action of G on T'(B). Then, by Corollary 2.10, G has property PLP. O

1. Labelled partitions associated with an isometric affine action

In this part, we introduce the space with labelled partitions associated with a continuous
isometric affine action of a topological group G and we give a proof of 1) Theorem 1 by defining
an action of G by automorphisms on this structure.

Given a continuous isometric affine action on a Banach space, we consider the pullback of
the natural structure of space with labelled partitions of the Banach space on the group itself :

Definition 3.32. Let G be a topological group and o be a continuous isometric affine ac-
tion of G on a Banach space (B,|.||) with translation part b : G — B. Consider the pull-
back (G, Py, Fo(Py)) by b of the natural space with labelled partitions (B, P,0(P)) on B, where
P =B and 6(P) ~ B.

The triple (G, Py, Fo(Py)) is called the space with labelled partitions associated with «.

More precisely, we have :
Po={fob+k|feB, keK};

Fo(Pa) =~ Vet (@) ;

Remark 3.33. - The linear map T : F,(Py) — B such that T : co(g,h) — b(g) — b(h) is an
isometric embedding, where ¢ is the separation map on G associated with P.,.

- If the continuous isometric affine action « is linear i.e. b(G) = {0}, then the space (G, Py, Fo(Py))
with labelled partitions associated with o is degenerated in the sense that the quotient metric space

associated with (G,d) contains a single point, P, contains only the zero function from G to K
and F,(Py) = {0}.

19



Proposition 3.34. Let G be a topological group and (G, P,F(P)) be the space with labelled
partitions associated with a continuous isometric affine action of G on a Banach space B.

Then the action of G on itself by left-translation induces a continuous action of G by automor-
phisms on (G, P, F(P)).

Proof. Let a0 be a continuous isometric affine action of G on a Banach space B with translation
part b : G — B. By Lemma 3.30, G acts continuously on the natural space with labelled
partitions on (B, P,d(P)) on B. Moreover, the map b is G-equivariant since we have, for g, h € G,
b(gh) = a(g)b(h). By Lemma 3.14, it follows that the G-action on itself by left-translation induces
a continuous action by automorphisms on (G, P, F(P)). O

Proof of 1) Theorem 1. Assume « is continuous isometric affine action of G on a Banach space
(B, ||.]|) with translation part b and let G.

By Proposition 3.34, the G-action by left-translation on itself induces a continuous action by
automorphisms on the space with labelled partitions associated with «, (G, Pa, Fo(Pa))-
Moreover, assume « is proper. Then, by Remark 3.33, we have :

da(g,€) = [b(9)l| — +oo0,
g—o0
and hence, the G-action by automorphisms on (G, Py, Fi (P, )) is proper. O

2. From actions on a space with labelled partitions to isometric affine actions

We prove here statement 2) of Theorem 1 by giving a (non-canonical) way to build a pro-
per continuous isometric affine action on a Banach space given a proper continuous action by
automorphisms on space with labelled partitions.

Lemma 3.35. Let G be a topological group, (X, P, F(P)) be a space with labelled partitions and
we denote E = Vect(c(x,y) |,y € X) where ¢ is the separation map associated with P.

If G acts continuously by automorphisms on (X, P, F(P)), then, for all x,y € X, (g,h) —
c(gz, hy) is continuous from G x G to E.

Proof. Consider on the subspace E of F(P) the topology given by the norm ||.| of F(P). If
X x X is endowed with the product topology of (X, d), as said in Remark 3.6, c: X x X — E is
continuous and, since the G-action on X is strongly continuous, for all z,y € X, (g, h) — (g, hy)
is continuous. Then, by composition, for all z,y € X, (g,h) — c(gx, hy) is continuous. O

Proposition 3.36. Let G be a topological group acting continuously by automorphisms on a
space with labelled partitions (X, P, F(P)). Then there exists a continuous isometric affine action
of G on a Banach subspace B of F(P).

|
More precisely, B = Vect(c(x,y) | z,y € X)'l'” where ¢ is the separation map associated with P

and ||.|| is the norm of F(P), and moreover, the linear part = and the translation part b of the
affine action are given by, for a fired xg € X :

m(9)§ =& 0Py for g € G and § € B;

and
b(g) = c(gzo,xo) for g € G.
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Proof. Let T be the G-action on X.
By Definition 3.7 and Remark 3.10, the map @, : P — P such that ®.,)(p) = po7(g) induces
a linear representation 7 of G on F(P) given by, for £ € F(P) and g € G :

T(9)§ = €0 Do),

By the second requirement of Definition 3.7, we have ||7(g)¢]| = ||€]|. Thus, 7 is an isometric
linear representation of G on F(P).

Consider E = Vect(c(x,y) | z,y € X). Then the Banach subspace B = B of F(P) is stable
under 7 since 7(g)(c(z,y)) = c(gx, gy) for x,y € X, g € G. Let us show that the representation
7 of G on B is strongly continuous. Let £ = > " | \ie(;,y;) € E. We have, for g € G,

m(9) = €0y =Y Nelgri,gyi) € E,
=1

and, by Lemma 3.35, for every i, g — c¢(gz;, gy;) is continuous.

Hence, g — >, Nic(9xi, gyi) = 7(g)€ is continuous. Finally, by density, for all £ € B, g +— 7(g)&
is continuous from G to B.

Now, let us define the translation part of the action. Fix xp € X and set, for all g € G,
b(g) = c(gzo, o) € E. We claim b is a continuous 1-cocycle relative to 7 ; indeed, we have, for
g€ G, z,y€X,c(gz,g9y) = c(x,y) o Pr(y) = m(g)c(x,y) and then, for g,h € G,

b(gh) = c(ghxo, o) = c(ghwo, gxo) + c(gz0, T0) = ™(9)b(h) + b(g).

The continuity of b follows immediatly from Lemma 3.35.
Hence, the morphism « : G — Isom(B) N Aff(B) defined by, for all g € G, £ € B, a(g)¢ =
7(9)§ + b(g) is a continuous isometric affine action of G on B. O

Remark 3.37. In the case where G is discrete, we do not have to find a subspace of F(P) on
which the representation is strongly continuous; then we have the following statement :

If G discrete acts by automorphisms on (X, P, F(P)), then there exists an isometric affine action
of G on F(P).

Proof of 2) Theorem 1. Assume G acts properly continuously on a space with labelled partitions
(X,P,F(P)).

Consider the action « on the Banach subspace B = E”'” given by prop 3.36, where F =
Vect(c(z,y) | x,y € X) and a(g)¢ = 7(g9)€ + b(g), for g € G, € € B.

Then we have, if we denote by d the pseudo-metric of labelled partitions on X :
[6(9)[| = lle(gzo, zo) |l = d(gz0, 20) —> o0
g—00

since the action of G on (X, P, F(P)) is proper, and hence, « is a proper continuous isometric
affine action of G on B. O
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4 Labelled partitions on a direct sum

In this section, we define a space with labelled partitions on the direct sum of a countable
family of spaces with labelled partitions and we build on it a proper action given by proper
actions on each factor.

4.1 Natural space with labelled partitions on a direct sum

Given a family of space with labelled partitions, we give a natural construction of a space
with labelled partitions on the direct sum of this family. A similar construction in the case of
spaces with measured walls can be found in [CMV04].

Definition 4.1. Let I be an index set, (X;)icr be a family of non empty sets and fix xy =

(#D)ier € [Lier Xi-
The direct sum of the family (X;)ier relative to xg is defined by :

xo@ X; = {(Zﬂi)ie[ € HXi | 2 # 2 for finitely many i € I} .

iel icl
Fori € I, we denote by 7r§i : X — X the canonical projection from the direct sum to the factor
X;.
For x = (xi)ier € "°@,c; Xi, the support of x is the finite subset of I :
supp(x) = {i € I | z; # 29}

Definition 4.2. Let I be an index set, ((X;, P;, Fi(P;)));c; be a family of spaces with labelled
partitions and fix Ty = (xg)iel € Hiel X;. We denote X = xo@iel X;.
Let i € I. For p; € P;, we define the labelling function p?i X oK by -

Py =piomy..
i.e., for x = (x;)icr € X, p;" () = pi(x;).
We denote Pyt = {p* | pi € Pi}, and we call the set
Px = JPP
i€l
the natural family of labelling functions on X (associated with the family (P;)icr).

Let X1, X5 be non empty sets and Pp, P2 be families of labelling functions on, respectively,
X 1 and X2.
In terms of partitions, if P is the partition of X; associated with p; € Py, the partition Pl69 Lof
X7 x X9 associated with p?l is :

PP ={h x Xo | hy € P},
and similarly, for ps € P2, we have :

Py? ={X1 x k| k1 € Py}.
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X1 x Xo X1 X X
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= oy |
i |
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TR

Partitions for the direct product

Definition 4.3. Let I be a countable index set, ((X;, P;, F;(P;)));cp be a family of spaces with
labelled partitions and fix xo = (2)ics € [1;e; Xi- We denote X = @, X;.

Leti € I. For & € F;(P;), we denote 52-@" : Px — K the function :

o\ _ &) ifp=p]" € P
0 zfp—pj €P; with 1 # j

Let ¢ > 1. We denote Fy(Px) the closure of

E,(Px) = {Zﬁi@i | & € Fi(P;) with & # 0 for a finite number of i € I} ,

el

endowed with the norm ||.||, defined by, for & =3, ;&P

lellg = (Z ||a||gi(7,i)> .

el
The vector space Fy(Px) is called the g-space of functions on Px of X.

Proposition 4.4. Let I be a countable index set and ((X;, P, Fi(P;)));c; be a family of spaces
with labelled partitions and fix xo = (29)ies € [Le; Xi. We denote X =@, X;.

Then (Fy(Px), ||-lq) is isometrically isomorphic to (Bl Fi(Ps), |.llq)- In particular, Fy(Px) is
a Banach space.
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4.2 Action on the natural space with labelled partitions of the direct sum

Let I be an index set and (H;);er be a family of groups. We denote ey = (en, )ier where,
for ¢ € I, eq, is the identity element of H;.

We simply denote @ H; the group W = EW@ H; whose identity element is ey .

el iel
Proposition 4.5.
Let I be a countable set and (H;);er be a family of groups such that, for each i € I, H; acts by
automorphisms on a space with labelled partitions (Xi, P, F;(P;)). We denote X = "°@,c; X;
and W = @, H;.

Let ¢ > 1. Then W acts by automorphisms on the natural space with labelled partitions on the
direct sum (X, Px, Fy(Px)) via the natural action of W on X.

Proof. We denote by 7 the W-action on X and for w € W, p € Px, ®(,)(p) := po 7(w) and,
for i € I, we denote by 7; the H;-action on X and for h; € H;, p; € P;, (I)ri(hi)(Pi) = p; o i (hy).

Let p@g Px = Uicr 73591' and w = (h;)jer € W. Then there exists ¢ € I and p; € P; such that
p=p; ", and we have :

D () (D) = (B ) (0))F € P C Py,
since @, (3,)(p;) belongs to P;.
For & =3, & € By(Px), we have :

Eo0®,y)(p) =& oT(w))
= &((pi o mi(hi))®)
= &7 ((pi o 7i(ha))®)
= &i(pi o Ti(hy))
=& 0P n)(pi)
§0Pr(uy(p) = (&0 Prn)® (0]"),
And hence,
£y =D (6i0®r))™ € Fy(Px).
icl
By completeness of Fy(Px), for all § € Fy(Px), £ o @ry) € Fy(Px).
Moreover, for £ =", ; ¢% € Ey(Px), we have :

1€ 0 @riupllg = 360 @rnn 9 ) = 3 16l my = I
icl iel
since, for all i € I, [|& © o)l 5,y = ISill 5y, -
Thus, by density of E,(Px) in Fy(Px), for all £ € Fy(Px), [I§ 0 @rwllq = €ll4-
It follows that W acts by automorphisms on (X, Px, Fy(Px)).
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When [ is finite, X = xo@ie 7 X is simply the direct sum of the X; and does not depend on zy.
In this case, proper continuous actions on each factor (X;, P;, F;(P;)) induce a proper continuous
action on the natural space with labelled partitions of the direct sum (X, Px, Fy(Px)) :

Proposition 4.6. Letn € N*. Fori € I ={1,...,n}, let H; be a topological group acting properly
continuously on a space with labelled partitions (X;, Pi, F;(P;)) ; we denote X = X1 x ... x X,
and W = Hy x ... x H,,.

Let ¢ > 1. Then W acts properly continuously by automorphisms on the natural space with
labelled partitions of the direct product (X, Px, Fy(Px)) via the natural action of W on X.

Proof. We consider the group W endowed with the product topology of the H;’s. We denote by
c the separation map associated with Px and, for ¢ € I, ¢; the separation map associated with
P;. By Proposition 4.5, W acts by automorphisms on (X, Px, F;(Px)). Let us show that this
action is proper. For x = (z1,...,z,) € X and for w = (hq, ..., hy,) € W, we have :

n
le(we, g = 3 lesthiziz)le . .

i=1
Thus, if ||c(wz, z)|lq < R for some R > 0, then for i = 1,...,n, |lc;(hizi, i), () < R
Hence, for every R > 0 :
{fw=(h;) € W||c(wz,z)||q < R} is a subset of [ {h; € H; | lei(hizi, )| . ., < R} which
is a relatively compact set in W since each H; acts properly on (X;, P;, F;(P;)). It follows that
W acts properly on (X, Px, Fy(Px)).

It remains to prove that the W-action on (X,d) is strongly continuous. Remark that d =

(O d?)%, then, the topology of (X, d) is equivalent to the product topology of the X;’s on X.
Let © = (x;)ier € X. We denote by 7, : W — X the function w — wz. For all i € I,
7T§Z_ 0T, : w — hyx; is continuous since h; — h;x; is continuous; hence it follows that 7, is
continuous. O

If I is countably infinite, even if each H;-action on (X, P;, F;(P;)) is proper, W does not
act properly on the natural space with labelled partitions on the direct sum (X, Px, Fy,(Px))
in general. In fact, let C' be a positive real constant, and assume there exists, in each H;, an
element h; such that ||ci(hi3:?,:n?)\|Fi(7,i) < C. For j € I, the element §;(h;) of W such that
WIV{ (0j(hj)) =em, if i # j and WIVj[{j (0j(hj)) = hj leaves every finite set of W when j leaves every
finite set of I, but :

[le(8;(hj)wo, o)l = [lei((hy)a?, 2P| <C.

Fq(Px) — Fi(Py) —

And then, W does not act properly on (X, Px, Fy(Px)).

To make W act properly on a space with labelled partitions in the case where W is endowed
with the discrete topology, we have to define a structure of labelled partitions on W such that
the labelled partitions metric between ey and w goes to infinity when the support of w leaves
every finite set in I. To build this structure, we scale every labelling function of the naive ¢4
space with labelled partitions on each factor H; by a weight depending on ¢ which grows as ¢
leaves every finite set in I.
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Notation 4.7. Let I be a countable index set and X = :c()@ig X, be a direct sum of sets X;’s.

We say that, for x € X, supp(zx) leaves every finite set in I or supp(x) — oo in I if there exists
J € supp(x) which leaves every finite set in I.

Definition 4.8. Let X be a set and w be a non-negative real.
We set, for x € X :

WA, = 2_%10593 : X = K,
where 6, : X — {0,1} is the Dirac function at x, and we call the set
WA = {9, |z € X},
the w-weighted naive family of labelling functions on X.

Proposition 4.9. Let X be a set and w be a non-negative real.

Let ¢ > 1. Then the triple (X, (“’)A,Eq((w)A)) s a space with labelled partitions.
Moreover, if a group H acts on X, then H acts by automorphisms on (X, (“’)A,Eq((“’)A)).

Proof. Tt is a straightfoward generalization of Proposition 3.23 and Remark 3.25. O

Subsquently, for a countably infinite set I, we consider a function ¢ : I — R, such that
¢(i) — 400 (such a function always exists when I is countably infinite : for instance, take any
11— 00

bijective enumeration function ¢ from I to N).

Lemma 4.10. Let I be a countably infinite set and (H;);c; be a family of countable discrete
groups and we denote W the group @, ; H; endowed with the discrete topology. Consider, on
each H;, the ¢(i)-weighted naive family of labelling functions @A and we denote by @A =
Uier (@OIA®: the natural set of labelling functions associated with (‘?MA);c;.

Let ¢ > 1. Then, W acts by automorphisms on the natural space with labelled partitions on the
direct sum (W, DA, F,((PA)).
Moreover, we have :

\|C¢(w,eW)HFq((¢)A) — 400 when supp(w) — 0o in I,

where ¢y 1s the separation map associated with (@A,

Proof. By Proposition 4.5, W acts by automorphisms on (W, (¢)A,Fq((¢)A)) and we have, for
w = (h;),w = (h) e W :

lleg (w, w7 =D llesq (has )1
el

Fq((®)a)
= ) e
i€supp(w~1w’)
Let w € W such that supp(w) — oo in I. Then there exists j € supp(w) such that j — oo in I
and hence :

lleg(w,ew)|1 = D ¢(i)7 > $(j)T — +o0.

Fq((P)a) N .
i€supp(w)
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Proposition 4.11. Let I be a countably infinite set and (H;)icr be a family of countable discrete
groups such that, for each i € I, H; acts properly by automorphisms on a space with labelled
partitions (Xi, Pi, F5(P;)). We denote X = “°@,c; X; and W = @,c; Hi endowed with the
discrete topology.

Let ¢ > 1. Then there exists a structure of space with labelled partitions (Y, Py, F,;(Py)) on
which W acts properly by automorphisms.

More precisely, (Y, Py, F(Py)) is the natural space with labelled partitions on the direct product
Y =X x W where :

— on X, we consider the natural space with labelled partitions on the direct sum of the family
(X, Py, Fi(Py)))ier 5

— on W, we consider the natural space with labelled partitions on the direct sum of the
family ((Hy, @A, 09((CODA)))icr where for i € T, COA is the ¢(i)-weighted naive family
of labelling functions on H;.

Proof. By Proposition 4.5, W acts by automorphisms on both (X, Px, F,(Px)) and (W, (?)A, ¢2((9)A)).
We set Y = X x W and consider the natural space with labelled partitions (Y, Py, F,(Py)) on
the direct product where :
P =PYu@AP
and

Fy(P) ~ Fy(Px) @ £1(19A).

Then, by Proposition 4.5, W x W acts by automorphisms on (Y, Py, F,(Py)) via the action
(w1, w2).(z, w) = (w;.z, waw). Hence, W acts by automorphisms on (Y, Py, F,(Py)), where W
is viewed as the diagonal subgroup {(w,w) |w e W} < W x W.

It remains to prove that the W-action on (Y, Py, F;(Py)) is proper. We have, for w = (h;) €
W

[epy (w.(xo, ew ), (zo, ew)) |14 = llepy (wao, zo)ll%, )+ llcg(w, ew)l[
( )

= Z e (hxmxz F(p)+ Z o(i)

i€supp(w) i€supp(w)

Fq(Py)

Hence, for R > 0, [lepy (w.(z0, ew ), (z0, ew))l , (p,,, < R implies that [|c(h; xz,azl)HF (p,y < Rand

¢(i) < R for all i € supp(w). Thus, for all R > 0, {w | |[ep, (w.(x0,ew), (xo,ew))HFq(Py) < R}
is a subset of

{w = () | supp(w) € {j | 6() < R} and {h; € Hy | |e(hiaf,ad)l, i, < B}} .

which is a finite Set as {j | ¢(j) < R} is finite and by properness of the H;’s actions, each
{h; € H; | ||c(hi2l, x < R} is finite.

2
It follows that W acts properly on (Y, Py, Fy(Py)). O

4.3 Action of a semi-direct product on a space with labelled partitions

Definition 4.12 (compatible action). Let G1,Gq be groups and p : Go — Aut(G1) be a mor-
phism of groups.
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Consider a set X on which Gy and Go. We say that the Ga-action is compatible with the
G1-action with respect to p if, for g1 € G1, go € Ga, we have, for all x € X :

929195 ' = p(g2)(g1)z.

Example 4.13. Ifp : Go — Aut(G1) is a morphism, then the action p of Gy on G is compatible
with the action of G1 on itself by translation with respect to p.

Proposition 4.14. Let (X1, P, Fi(P1)),(X2, P2, F5(P2)) be spaces with labelled partitions and
G1,Go  be topological groups acting continuously by automorphisms on, respectively,
(X1, P1, F1(P1)) and (X, P2, F5(P2)) via 11 and To.

Let p : Gy — Aut(G1) be a morphism of groups such that (g1,92) — p(g2)g1 is continuous for
the product topology on G1 X Ga.

Assume that there exists a continuous action by automorphisms of G1x,Go on X1 which extends
the G1 action.

Then the semi-direct product G1 x,Ga acts continuously by automorphisms on the natural struc-
ture of labelled partitions (X1 x Xa, P, Fy(P)) on the direct product of X1 x Xo.

Moreover, if, for i = 1,2, G; acts properly on (X;, Pi, Fi(P;)), then G1 x, Ga acts properly on
(Xl X X27P7F(P))

Proof. Let us denote by 7 the Gi-action on X1, by 7 the Ga-action on X5 and by p the Ga-

action on G| defined by the restriction on G of the Gy x,Ga-action on X;. Then p is compatible

with 7 with respect to p.
We denote by 7 the action of G = G %, G2 on X = X x X, defined by :

7(91, 92) (1, 72) = (11(91)(P(92)71), T2(g2)T2).

We show that, via this action, G acts by automorphisms on the direct product of spaces with
labelled partitions (X, P, F,(P)) where P = P U P52 and F,(P) =~ Fi(Py) @ Fy(Ps) endowed
with the g-norm of the direct sum for ¢ > 1.

Let pe Pand g = (g1,92) € G. If p :p?31 € 77?1, then, for all z = (x1,x2) € X, we have :

P, (p)(z) =p(T(9)z)
= pP (11(91) (A(g2)21), T2(g2)22)
= p1(11(g1)(p(g2)71))
=p1o71(g1) o p(g2)(71)

) (P) () = (proTi(g1) 0 plg2))®" (21, 22),

and since G acts by automorphisms on (X3, Py, F1(P1)) via 71, we have p; o 1(g1) € P1, and
G4 acts by automorphisms on (X7, Py, F1(P1)) via p, then p; o 71(g1) o p(g2) € Ps.
Hence, @5 (p) = (p1 0 71(g1) © p(g2))®" belongs to P.

For p = pg}z € 732@2, we have ®_,(p) = (p2 © 72(g2))®? which belongs to P since G acts by
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automorphisms on (Xa, Pa, F5(P2)) via 7o.
Then, for all g € G and all p € P,

D gy(p) =poT(g) €P.

Let us fix some notations. We denote, for g1 € G1, go € G3 :

gny t P P1the map @ (p1) = p1o7i(g1);

)+ Pr = P1 the map @p(g2)( 1) =p1op(g2);
) : P2 — Py the map <I>72(92)(p2) = p2 0 72(g2)-

Let £ be in F(P) and g = (g1,92) € G. We have, for all p; € P; and all ps € P5 :

?) ()
§0D (") = (10 @5, 0 B, )P (0F),

and
§0 Prig) (%) = (610 ry(,)) (057).

] (2)
Hence, o @ gy = ({10 (I)plzgz) (IJ(Tll)(gl))@l + (&0 @))% and we have :

) €] @ )
€0 @yl =10 (I)~ (I)ﬁ(gl)HFl(P , €20 @ 2(02) HFQ(PQ)
HSlHF (73 ) + ”€2|HF2(732)

€0 @rgllq = lIllg
It follows that G x, G acts by automorphisms on the space with labelled partitions (X; x
Xa, P, Fy(P)).

It remains to check this action by automorphisms is continuous, i.e. for all z € X, g — 7(g)z is
continuous.

As a set Gy %, Gy is simply G1 x G2 and since (g1,92) — p(g2)g1 is continuous, the product
topology on G x G is compatible with the group structure of Gy x, G2 (see [Bou71], II1.18
Proposition 20).

Moreover, 71, 7o and p are strongly continuous, then, for all (z1,z2) € X, the map (g1, 92) —
(7(91)(p(g2)x1), T2(g2)x2) is continuous from G; x G2 endowed with the product topology to
(X, d) where d is the labelled partitions pseudo-metric.

Hence, G x, G acts continuously by automorphisms on (X, P, F,(P)).

Assume, for i = 1,2, G; acts properly on (X;, P;, F;(P;)) via 7;, and we denote by ¢; the separation
map associated with P;.

Fix xg = (:El,:EQ) € Xj x Xo.

The following egality holds for every g = (g1,92) € G1 %, G2 :

le(r(g)xo. 20) 14 = ller(ri(g)(Flo)an).x)lIE | + llea(ralg2)az )], .

Since G %, Go is endowed with the product topology of Gi and G2, g = (g1,92) — o0 in
G1 %, Gy if, and only if, g1 — oo in G or g2 — oo in G2. Hence, we have two disjoint cases :
First case : g1 — o0 in G and gy belongs to a compact subset Ky of Gs.

By continuity of g5 — [|¢(p (gz)ml,ml)HF () there exists C(K3) > 0 such that, for every gh € Ko,
lle(p(gh)x1, z1)|| < C(Ky), and, hence

Fy(P1) —
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”C(T(gl)ﬁ(QQ)xlaﬁ(gQ)‘Tl)le(pl) <
<

le(m1(91)p(92)21, 21) | gy oy + le(Bg2) 21, 20) | 1)
e(r(g1)p(g2)1,20) |, ) + C(E).
But, since G acts properly on (X1, P1, F1(P1)), |lc(m(g1)p (gg)ajl,p(gg)xl)HFl(pl) —a +o00, and

then,
HC(T(gl)ﬁ(“(h):El’$1)‘|F1(7:1) — 400.

g1—0o0

It follows that [|c(7(g)zo, Z0)q _> +00.

1—00

Second case : go — 00 in Ga.

We have ||ca(m2(g2)x2, z2)|| —> +o00 and then ||¢(7(g)zo,x0)|q = +00.

F2(P2) ¢

Finally, as required, we have

||C(T(9)3307$0)Hq 400,
g—00

and then, Gy %, Gy acts properly by automorphisms on (X, P, F,(P)).

5 Wreath products and property PLP

Using Proposition 4.14, we simplify a part of the proof of Th 6.2 in [CSV12] where Cornulier,
Stalder and Valette establish the stability of the Haagerup property by wreath product; and
we generalize it in the following way : the wreath product of a group with property PLP by a
Haagerup group has property PLP.

Theorem 3.

Let H,G be countable discrete groups, L be a subgroup of G and p > 1, with p ¢ 27 ~ {2}. We
denote by I the quotient G/L and W = @, H. Assume that G is Haagerup, L is co-Haagerup
in G and H has property PLP.

Then the permutational wreath product H iy G = W x G has property PLP.

5.1 Permutational wreath product

We first introduce the notion of permutational wreath product :

Definition 5.1. Let H,G be countable groups, I be a G-set and W = @, ; H. The permuta-
tional wreath product H iy G is the group :

HyG:=Wx,Gq,
where G acts by shift on W via p i.e. p(g) : (hi)ier = (hy-1;)icr, for g € G.
When I = G, H g G is simply called wreath product and is denoted H1 G.

5.2 Property PLP for the permutational wreath product

To prove Theorem 3, we need the following structure of space with measured walls relative
to the wreath product built in [CSV12], Theorem 4.2 (see [CSV12] § 6.1 for examples of co-
Haagerup subgroups) :
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Definition 5.2. Let G be a group and L be subgroup of G. We say that L is co-Haagerup in G
if there exists a proper G-invariant conditionally negative definite kernel on G/L.

Theorem 5.3 (Cornulier, Stalder, Valette). Let H,G be countable discrete groups and let L be
a subgroup of G. We denote by I the quotient G/L and W = @, H.

Suppose that G is Haagerup and that L is co-Haagerup in G.

Then there exists a structure (W x I,u) of space with measured walls on W x I, with wall
pseudo-metric denoted by d,, on which W x G acts by automorphisms and which satisfies, for
any xo = (wo,i9) € W x I and for all g € G :

d,((w, g)zo,x0) = +00 when w € W is such that supp(w) — oo in 1.

Remark 5.4. The property “d,((w,g)xo,x0) = +00 when w € W is such that supp(w) — oo
in I“ can be reformulated as follows :
For all R > 0, there exists a finite set Jg C I such that, for (w,g) € H iy G,

d,((w, g)zo, o) < R implies supp(w) C Jg.

Lemma 5.5. Let H,G be countable discrete groups, L be a subgroup of G and ¢ > 1. We denote
by I the quotient G/L and W = @; H. Suppose that G is Haagerup, L is co-Haagerup in G
and H has property PLY.
Then W and G acts by automorphisms on a space (X, P, F(P)) with labelled partitions such
that :

— the W -action is proper,

— the G-action is compatible with the W -action,

— the Banach space F(P) is isometrically isomorphic to a Banach subspace of a LY space.

Proof. Consider the W x G-action on the space with measured walls (W x I, 1) given by Propo-
sition 5.3. Then, by Proposition 3.17, W x G acts by automorphisms on the space with labelled
partitions (W x I, P, LY(P,,1)). Let yo = (ew,i9) € W x I. The separation map c,, associated
with P, satisfies :

e ((w, 9)yo, o) 1§ = dyu((w, 9)yo,yo)-

Now, consider the structure of space with labelled partitions on H given by its proper isometric
affine action on a space LY(F,v). By Proposition 4.5, W acts by automorphisms on the natural
structure of space with labelled partitions (W, Pw, F,(Pw)) of the direct sum of spaces with
labelled partitions on H. Moreover, G acts by automorphisms on (W, Py, Fy(Pw)) by shift via
its action on I.

We denote X = (W x I) x W and consider the space with labelled partitions (X, P, F(P)) given
by the direct product of spaces with labelled partitions (W xI, P, LY(Py, u)) and (W, Pw, Fy(Pw)).
Then we have actions by automorphisms 7y of W and 7¢ on X given by, for x = (wy, i, w2) € X,
weWand g e G :

mw(w)z = (wwy, i, wwy) and T7¢(g)z = (p(g)wr, gi, p(g)ws).

The action 7¢ is clearly compatible with 7y since W x, G acts naturally on W and on W x 1.
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The Banach space F'(P) is isometrically isomorphic to the g-direct sum L4 (P, u) @ F,(Pw),
then F(P) is isometrically isomorphic to a Banach subspace of LY(Py, 1) & (P LY(E,v)). It
follows that F'(P) is isometrically isomorphic to a Banach subspace of a L7 space. We denote
xo = (ew,ig,ew) € X. We have, for w = (h;)jer € W :

le(r (w)zo, o)1, = lleu((wsdo), enw i)l + llemy (w,ew)I2,
= du((w,ec)ioio) + D llepy(hiser)|? .
i€supp(w)

Hence, W acts properly by automorphisms on (X, P, F(P)) : indeed, for R > 0 and w = (h;) €
W, [le(rw (w)o, o) ) < R implies dy,((w,eq)io,io) < R and |lepy, (hisen)|l i, < R- 1t
follows that, for R > 0 and Jps C I as in Remark 5.4, {w € W | [lc(tw (w)zo, o), < R} is
a subset of :

{w = (hi) | supp(w) C Jra and {h; € H | [lepy (hiver)ly, 5, < R}},

which is a finite set as Jgq is a finite set and H-action is proper.
O

Proof of Theorem 8. By Lemma 5.5, W and G act by automorphisms on a space (X, P, F(P))
with labelled partitions such that the W-action is proper, and the G-action is compatible with
the W-action with respect to p. Moreover, since G is Haagerup, G acts properly by automor-
phisms on a space (Y,P’, F/(P')) with labelled partitions where F'(P’) isometrically isomorphic
to a LY space.

Hence, by Theorem 4.14, H iy G = W x, G acts properly by automorphisms on a space
(Z,Pz,Fz(Pz)) where Fz(Pyz) is isometrically isomorphic to F(P) @ F'(P') endowed with the
g-norm of the direct sum. It follows that Fz(Py) is isometrically isomorphic to a Banach sub-
space of a LY space.

Thus, by Corollary 2, H {; G has property PLY. O

6 Amalgamated free product

In this section, we develop tools around the notion of tree of spaces in order to build a
structure of space with labelled partitions on which an amalagmated free product acts by auto-
morphisms given actions of the factors on some spaces with labelled partitions.

6.1 Labelled partitions on a tree of spaces

A tree is a pair of sets T' = (V,E), where V is the set of vertices and E is the set of edges,

together with an injective map E — {{v,w} | v # w € V'}; and satisfies that every two vertices
are connected by a unique edge path, that is, a path without backtracking.
The set of vertices V' can be endowed with a natural metric dr : the distance between two
vertices is the number of edges in the edge path joining them. Moreover, we say that a vertex
u is between v and w in V if u is an endpoint of some edge which belongs to the edge path
between v and w.
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Definition 6.1. Let T = (V,E) be a tree, (X)), and (Xe) cp be collections of non empty sets
such that there exists, for all e = {v,w} € E :

Ocw: Xe = Xy and o¢qy : Xe — Xy

The triple (T, (X0)pev > (Xe)eeE) is called a tree of spaces. We define the total space X asso-
ciated with this tree of spaces as the disjoint union of the X, ’s :

X = |_|XU.

veV

A tree T and, in green, the total space X of a tree of spaces of base T'.

Remark 6.2. Some authors consider another definition for the total space X of a tree of spaces
(see, for instance, [Tu01]) which keeps track of the adjacency in the base tree, namely, given an
orientation of the edges :

X = <|_| XU | (X % [0,1])> / ~,
veV ecE

where the identification ~ is given by, for e = (v,w) € E, X, X {0} ~ 0¢,(Xe) and Xe x {1} ~

Oew(Xe). This corresponds to the cylinders in the previous figure.

In the present paper, we do not consider this additionnal data in the total space for a matter of
simplicity.

Definition 6.3. Letv € V and x,y € X with x € X, and y € X,,. We say that X, is between
x and y if the vertex v is between w and u in T i.e. v belongs to the vertex path joining w to u.

Remark 6.4. In the case where the X, ’s are metric spaces, the total space X can be naturally
endowed with a metric which extends the metric of each X, and the tree metric (see [DG03]).
This metric on X can also be obtained by the labelled partitions metric from the constructions
we define in Definition 6.16 and Definition 6.18 when each X, is endowed with a structure of
space with labelled partitions (in the case where edge sets are single points).
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An automorphism of a tree is a bijection f of the vertex set such that f(v) and f(w) are
connected by an edge if and only if v and w are connected by an edge. From this notion, we
describe what is an automorphism of a tree of spaces :

Definition 6.5 (Automorphisms of tree of spaces). Let X = (T, (Xy),cy - (Xe).cr ) be a tree

of spaces and X be its total space. We denote by p : X — V the natural projection given by
T € X, — .

We say that a bijection ¢ : X — X is an automorphism of X if :
1. There exists ¢ : V. — V such that ¢ is an automorphism of T and :
pop=pop.
2. The restriction @), . induces a bijection from oeo(Xe) to 05() 5w) (Xz(e))-

Remark 6.6. Let ¢ be an automorphism of X.

1. The restriction ¢, is a bijection from X, to X

@(v)-
2. The map Qe = 0-;(16)75(”) 0 poaey is a bijection from X to Xg()-
3. The map ¢~ is an automorphism of X and we have c;:/l =g

Subsequently, we consider a tree of spaces where the edge sets are reduced to single points :
Let (T, (Xy)pev > ({®e})eer ) be a tree of spaces and X be its total space.

The total space of a tree of spaces whose edge sets are singletons.

Definition 6.7 (Projection on vertex sets). Let v € V.. The map m, : X — X, defined by, for
ze Xy, withweV :

x ifw=w,
71'1)(113) = { O'e,v(.e) z'fw ?é v,

where e is the first edge in the edge path in T from v to w.

34



Tul) = oa ule,.)

The projection m, on X,,.

Lemma 6.8. Let z,y € X and v € V. If my(x) # m,(y) then X, is between = and y. In
particular, the set {v € V | m,(z) # my(y)} is finite.

Proof. Let x € X, and y € X,, with w,u € V. If v is not between w and u in T, then v # w,
v # u and moreover the edge path joining v to w and the edge path joining v to u in T" coincide
at least on the first edge e. Hence, by definition :

Ty () = ocp(0e) = my(y).
O

Lemma 6.9. Let ¢ be an automorphism of a tree of spaces X = (T, (Xo)pev s ({®e})eer ) Then
forv eV, we have :
PO Ty = () © -

Proof. Let us show that, for all z in the total space X of X', p(m,(z)) = 750 (¢(2)). If x € Xy,
the identity is clear since op(x) belongs to Xz(,). Now, assume that z € X,, with w # v and
denote by e the first edge in the edge path joining v to w in T. As ¢ is an automorphism of T,
¢(e) is the first edge in the edge path joining ¢(v) to p(w). Hence, since p(z) € X5(,,), we have,
by Remark 6.6, 2. :

T500) (P(T)) = 05(0),5(0) (93(e)) = P(Tew(®e)) = @(mo(T)).
O

Lemma 6.10. Let ¢ be an automorphism of a tree of spaces (T, (XU)UGV,({'e})e@E). For
xz,y € X, we have :

{veVim(e(x) #m(e()} =0 ({veV|m(x) # m(y)}) -
Proof. Let z,y € X. By Lemma 6.9, we have, forv eV :

mo(p(@)) # (o))  © o(Tg-10)(2) # P(T5-10) (¥))
& Tg-1(0)(T) # Tz-1(,)(y), since p is a bijection.
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Thus,

{veVIm(p) #m(e)} ={veV [ mg10,)(2) # T5-1) (W)}
={p(v) € V[ m(p(x)) # m(p(y))}-
O

Example 6.11. We consider an amalgamated free product I' = Gx¢o H, together with the natural
action on its Bass-Serre tree T' = (V,E) where :

V=T/GUT/H and E=T/C,

and the endpoints maps are given by the inclusions of C left-cosets into G and H left-cosets.

For our purpose, we construct the following tree of space of base T :

- For v = vG € V, we consider X, = vG/C = {ygC | g € G} and for v = vH, we set
X, =~vH/C.

- For e = vC € E, we consider the singleton X, = {vC}. The structural maps oyc G and
oycyH are the trivial maps vC +— yC € vG/C and vC — vC € vH/C.

These datas give rise to a tree of spaces X = (T,{X,},{Xc}) on which T acts by automor-
phisms of tree of spaces.
In fact, every v € ' defines a bijection of the total space X by :

Yg9C € Xy = v7'9C € Xyya

and,
’yth S XA/H — ’7’7,]10 S X'y'y’H-
Moreover, the map v : V — V is exactly the map v — yv given by the action of T' on T and we
have :
Oy Conc(Oyyc) =77 C = v0ycya(eye).

-1

! Cyy 1 OV © Oy H S @ bijection,

Thus o, 1,0 GOV O OyCH G s a bijection and similarly, o
for all~" €T.

Definition 6.12. Let I' = G x¢ H be an amalgamated and T be its Bass-Serre tree. We call
tree of C-cosets spaces associated with I', the tree of spaces (T, {X,},{Xc}) defined in Example
6.11.

.,9 ; I.
" - ' %O

Xe=G/C X,no = ghG/C

The tree of C-cosets spaces associated with G ¢ H.
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1. Labelled partitions induced by the vertex sets

Definition 6.13. Let (T, (Xy),cy - ({9c})eer ) be a tree of spaces and X be its total space.
Assume that each verter set X, is endowed with a structure of space with labelled partitions
(X’IMP’IM F’U(P’U))

Let v e V.. We set, for p, € P,, the following labelling function on X :

p?u = Py O Ty,
and we denote 7359” ={pP" | p» € Py}.
The set :
Px =] P
veV

1s called the family of labelling functions induced by the vertex sets.

Partition of X induced by a partition of X, via the projection m,,.

Definition 6.14. Let (T, (Xy),cy - ({®}).cr ) be a tree of spaces and X be its total space.
Assume that each vertex set X, is endowed with a structure of space with labelled partitions
(XU7 va FU(PU))

Letv € V. For £ € F,(P,), we denote £%v : Px — K the function :

£ (p) = {f(pv) ifp=pi" €Py"

0 otherwise.
Let g > 1. We set :
E,(Px) := {Z &P | & € Fy(Py) with & = 0 for all but finitely many vertices v} ,

veV

endowed with the norm ||.||q defined by, for & =3, &P -

[€llq = (Z vaH?%(%)) ’
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The Banach space Fy(Px) == (PX)” la s catled the g-space of functions on Px of X.

Proposition 6.15 (Labelled partitions structure on X induced by the vertex sets).

Let (T, (Xv)pey » ({9e})eer ) be a tree of spaces and X be its total space. Assume that each vertex
set X, is endowed with a structure of space with labelled partitions (X, Py, Fy(Py)). Consider
X together with its family Px of labelling functions induced by the vertex sets.

Let ¢ > 1 and F;(Px) be the g-space of functions on Px of X. Then, the triple (X, Px, F4(Px))
is a space with labelled partitions. Moreover, we have, for x,y € X :

” (.Z' Yy ”F (Px) Z HCU 7T'U ))”tll%(Pu

veV

Proof. We denote by ¢, the separation map of X, associated with P, and by cx the separation
map associated with Px.

Let x,y € X and v € V. For pf» € PPv, we have :

ex(2,9)(py") = po(mo(@)) — po(mo(y)) = co(mu(x), 7o (y)) (po).

It follows that cx(z,y) = Y, cu(my(2), T (y))®* which is a finite sum since m,(z) = m,(y)
for all but finitely many v’s by Lemma 6.8. Thus, cx(x,y) belongs to F,(Px) and hence,
(X, Px, F,(Px)) is a space with labelled partitions.

O

Definition 6.16. Let (T, (Xy),ey - ({9e})eer ) be a tree of spaces and X be its total space.
Assume that each vertex set X, is endowed with a structure of space with labelled partitions
(X4, Py, Fy(Py)). Consider X together with its family Px of labelling functions induced by the
vertex sets and let Fy(Px) be the q-space of functions on Px of X.

The triple (X, Px,Fq(Px)) is called the space with labelled partitions on X induced by the
vertex sets.

Proposition 6.17. Let X = (T, (Xy),cy > ({®c})ecr ) be a tree of spaces and X be its total space.
Assume that each vertex set X, is endowed with a structure of space with labelled partitions
(Xy, Py, Fy(Py)) and let (X, Px, Fy(Px)) be the space with labelled partitions on X induced by
the vertex sets.

Let ¢ be an automorphism of X. If, for allv € V', the map |, : Xy — X5z s a homomorphism
of spaces with labelled partitions, then ¢ is an automorphism of space with labelled partitions of

(X7 ,PXan(,PX))
Proof. Let p = p» € Px with v € V and p, € P,. Then we have, by Lemma 6.9 :

D
bp(p) = pyomyop=pyo Plx, 1, O TF W) = (po o (’D'Xafuu)) »7l) € Py,

since (| X1 : Xgz-1(y) — Xy is a homomorphism of space with labelled partitions.
7} v

Now, let £ =3 oy &8v € Ey(Px) where &, € F,(P,) for all v € V. We have, for p = pi» € Px :
o (bgo(p) = g((pv o (‘O‘ngl(u)) ﬁfl(v)%
=&§-1(v)(Pv © Plx_ 1, )s
€00ulp) = (o000, )70)
@ v
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Thus,
oy =D (65110 ‘%qu ))6%,
7} v

veV
Hence, by making the substitution v = = (v), we obtain :

§o ¢go = Z(gv o ¢%0‘X11 )&Z(”) S Eq(PX),
veV
since &, o (ﬁ%x belongs to Fi() (Pa(w)) and & = 0 for all but finitely many v’s.
By completeness of F,(Px), we have, for all £ € Fy(Px), {o ¢, € Fy(Px).

Moreover, since, for all v € V', [|§, o Do, I = [[&oll (., it follows that :

Fa0) (Pa(v))
1§ o ?bgoHZ = Evev € © ngD‘Xv H%@(v)(p
= ZUEV HSUH(I]%('PU)’
€0 dpll? = llEN.
Then, ¢ is an automorphism of (X, Px, F,(Px)). O

3())]

2. Labelled partitions induced by the tree structure

We detail here the space with labelled partitions induced by the natural wall structure on
the set of vertices of a tree T', and we consider the pullback of this structure on a tree of spaces
of base T' via the projection p : X — V namely, for z € X,, C X, p(x) = v. Here we denote by
[v,w]g the set of edges in the edge path between two vertices v and w.

Let ¢ > 1 and let T' = (V,E) be a tree. Let e be an edge with endpoints v and w in
V. “Removing” this edge from T gives rise to two complementary connected components of
vertices, namely he, = {u € V | dr(v,u) < dr(w,u)} and he = {u € V | dp(w,u) < dp(v,u)}.

hag i

Wall structure on a tree induced by the edge set.
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We then consider the following family of labelling functions on V :
P = {2_% 1., | e € E and v is a endpoint of e},

where 1j, , is the characteristic function of the set he .
Notice that, for v,w e V :

life € [v,wlg

0 otherwise.

L., (v) = Lp,, (w)| = {

Hence, we have, for v,w € V :

le(,0) [y = Spep [p(0) = p)%,
= % ZeGE ZuEe ‘]lhe,u (U) - ]]‘he,u (w)’qa
= %Zee[v,w]m 2,

le(w, W)l = #lo, wls = dr(v,w)

Hence, (V,P,¢1(P)) is a space with labelled partitions.

We can now consider the pullback (see Definition 3.15) of this space with labelled partitions
via the projection p: X — V :

Definition 6.18. Let X = (T, (X0)pey > (Xe)eE]E) be a tree of spaces and X be its total space.
The space with labelled partitions on X defined as the pullback of (V,P,44(P)) viap: X — V is
called the structure of labelled partitions of X induced by the tree structure.

Proposition 6.19. Let X = (T, (X0)pey > (Xe)eeE) be a tree of spaces, X be its total space and
p: X — X be an automorphism of X.
Then v is an automorphism of the space with labelled partitions of X induced by the tree structure.

Proof. Let ¢ be an automorphism of X. Since ¢ is an automorphism of T, one can easily
show that ¢ is an automorphism of space with labelled partitions of (V,P,¢?(P)). Hence, as
po¢ = ¢op, by Lemma 3.14, ¢ is an automorphism the space with labelled partitions of X
induced by the tree structure. O

6.2 Amalgamated free product and property PLP

Let I' = G *¢ H be an amalgamated free product and let us consider the tree of C-cosets
spaces X = (T, (Xy)per » ({#e})eer ) on which I' acts by automorphisms (see Definition 6.12.
Recall that X, =~vG/C if v =~G, X, =vH/C if v = vH and e,c =~+C.

Let us consider systems of representatives rep(G/C') and rep(H/C) of G/C and H/C respec-
tively, each containing the unit of the group as the representative of the class C'. Every element

in ' can be expressed as a reduced word in terms of these systems of representatives (see, for
instance, [SWT79]) :
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Definition-Proposition 6.20 (reduced word). Let G, H be groups and C be a common sub-
group. An element v of G xc H can be uniquely written in the following way :

Y= glhl...gnhnc,

where :

- fori=1,...n, g; € rep(G/C) and h; € rep(H/C) ;

- fori>1, g; #eq and fori <n, h; #eq;

-ce(.
Such an expression of 7y is called a reduced word (relatively to rep(G/C) and rep(H/C)).
Let us denote :

Rria = {g1h1.-.gnhn | g1h1...gnhy is a reduced word withh, # en}, and

Rr/g = {g1h1.-.gn | g1h1...9n is a reduced word}. (notice that g, # eg by definition). Then
Rr/q is a system of representatives of I'/G in T and Rr, is a system of representatives of I'/H
i I,

The maps we define below will allow us to endow the vertex sets of the tree of C-cosets
spaces of I" with the pullback structure of space with labelled partitions coming from G/C and
H/C.

Notation 6.21. Let v € Ry and ' € Rp/p. We set :
- fya : Xy = G/C such that vgC — gC' and,
- fym : Xyg — H/C such that 'hC +— hC.
These maps satifies the following equivariance formulas :

Lemma 6.22. Let v € I'. We have :
- Let y1,72 € Rr)g. Assume there exists g € G such that yy1 = y2g. Then, for all x € X, -

frnc(yr) = gfyc(x).

- Let v1,72 € Rryp. Assume there exists h € H such that yy1 = y2h. Then, for allx € Xy, g -

fromr () = by ().

Proof. Let v € I and 71,72 € Rr/g such that there exists g € G such that vy1 = 729. For
z € X,,q, there exists g, € G such that x = 719, C. Then we have :

froc(12) = fr26(1299:C) = 99:C = gfr.c(@).
A similar argument holds for the second statement. O

Theorem 6.23. Let G, H be groups and C be a common subgroup. Assume that G acts by
automorphisms on (G/C, P, F(P)) and H acts by automorphisms on (H/C,P', F'(P")).

Let X be the tree of C-cosets spaces associated with I' = G x¢ H and X be the total space
of X. Then I' acts by automorphisms on (X,Px,Fx(Px)) such that Fy(Px) is isometrically
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isomorphic to a closed subspace of @IF (P) & PIF'(P') & (9.
Moreover, considering C € Xg C X, we have, for v = g1hy...gnhnc € Gxc H :

n

lex(VC, O = (llea(geC, O, + llem(mCL O, ) ) + dr(7G, G)1.

F(P) F/(P!
k=1

In particular, if G ~ (G/C,P,F(P)) and H ~ (H/C,P,F'(P")) are proper, then T ~~
(X, Px,Fx(Px)) is proper.

Proof. X = (T, (Xy) ey » ({9e})eer ) tree of C-cosets spaces associated with I' = G #¢ H and
let Rp/q and R,y be the systems of representative of I'/G and I'/H respectively defined in
Definition-Proposition 6.20.

Notice that V' = {yG | v € Rr)g} U{vH | v € Rr/u}.

For vG,+'H € V with v € Ry and 7' € Rp/y, we endow the vertex sets X, and X,y with
pullback structures of spaces with labelled partitions (Xyq, Pya, Fya(Pya) and (X u, Pyw, Fya (Pym)
given, respectively, by the maps introduced in Notation 6.21 :

- fva : Xy¢ = G/C such that ygC +— gC' and,
- fym : Xym — H/C such that Y HC — hC.

Now, from these structures, we consider the space with labelled partitions (X, Py, F,(Pv))

induced by the vertex sets given by Definition 6.16 and we denote by cy the associated separa-
tion map.
We must prove that I' acts by automorphisms of space with labelled partitions on (X, Py, Fy(Py)).
We showed in Example 6.11 that I' acts by automorphisms of tree of spaces on X. Hence, by
Lemma 6.5, it sufficies to show that, for all v € I', the map v/, : X, = X, is a homomorphisms
of space with labelled partitions, for every v € V :

Let vy € I'. Let v = G € V with 71 € Rr/¢ and let 72 € Ry /g such that yy1 = 729 for some
g € G ie. 72 is the representative in Rp /g of the coset yy1G. Notice that yv = 72G.
A labelling function of P, is of the form po f,,g for some p € P, and we have, by Lemma 6.22,

for all € Xy, p(froc(v2)) = p(9frc(@)).
Let us set the following maps :

- qﬁfﬂc : P — P, such that p = po fy,q;

- qﬁwa : P — Py, such that p— po f,,a;

- ¢g : P — P such that p — {x € G/C ~ p(gz)} and

- ¢~ 1 Py — {K-valued functions on X,} such that p,, = py, 0 X

Thus, by the previous equality, we have :

¢«,(p o fsz) = ?bg(p) o fmG € Px,, (*)

since ¢4(p) belongs to P.
Now, let £ € F,(P,). By using the definitions of pullback structures, we have :

42



|’§O¢VHF,W(7DW) = Hfo(ﬁ’\/o(ﬁf»yzc”zr(p)v
= HS o (Zsf—uc © ¢QHF(7>)7 by (*)7
= Hg © ¢fq1GHF(p)7 by (*)7

|’§O¢VHF,W(7DW) = HS”Fv(pvy

Hence, 7|, : Xy = X4, is a homomorphism of space with labelled partitions and similar argu-
ment holds for vertices v of the form v =~y H with 71 € Rr/p. As said before, it follows that I
acts by automorphisms on (X, Py, F,(Py)).

Let v = g1h1...gnhnc € G ¢ H be a reduced word and consider the element C € Xqg. By
Proposition 6.15, we have :

HCV(’YC C ”F (Py) Z HC’U Ty fYC) TrU( ))”F (Pv) "
veV

By Lemma 6.8, this sum is a finite sum over a subset of {v € V' | v is between G and vG}. But
the vertices between G and vG are the following :

G, g1H, -, gith1..ht_1G, gihy..hg_1gi H, gihy..gihiG, -+, gihi..g.H, ~G,
and notice that :
gi1hi...hi_1g;C is the edge between g1hq...ht_1G and g1hy...hp_19:H,

and
g1hi...gxhiC is the edge between g1hy...hg_19xH and g1 hy...g.hiG.

It follows that, for v = gi1hy...hi_19xH,
7 (C) = g1hi...hi—191C and 7,(vC) = g1hq...gkhiC.

Then, by denoting v = g1h1...ht_19%, we have :
|’Cv(ﬂv(70)7 7TU(C)) ”FU(PU) = ”cv(’Ykhkcv ’ch) ”Fv(Pu)

= |lca (fry 1 (Vi C), f«,kH(ka’))HF,(P,) (notice that v € Rp/g)
= llea (R C, O

F/(P')

Now, for v = gi1h1...9k_1ht_1G,
7o(C) = g1h1...9k—1hx—1C and 7, (vC) = g1h1...h_19:C.

Hence, similarly, we have [|c, (7, (vC), 70 (C) | 5, 5,y = llcc(96C, Ol oy -
Thus :

lev (vC, O, Z llec:(geC, O, + llen (hC, O)|

FI(Ph’
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Let us now consider the structure of space with labelled partitions (X, Pr,¢9(Pr)) induces
by the tree structure given by Definition 6.18. By Proposition 6.19, I' acts by automorphisms
on (X,Pr,ti(Pr)) and we have, for v = g1hy...gnhnc a reduced word,

ler(YC, Oy ., = dr (v G, G) =k,

L4(PT)

where 2n — 2 < k < 2n (depending on the fact that g; and hy can possibly be trivial).

Finally, we endow X with a structure of labelled partitions (X, Px, Fx(Px)) given by the
pullback of the product structure (X x X, Py UPE, F,(Py) @ £9(Pr)) via the [-equivariant map
x +— (x,z). Hence, we have, for v = g1h...gnhnc and C € Xg :

lex(VC, N = llea(grCy O ) + llen (i CL O, +dr(1G, G),

F(P) FI(P!
k=1
where cx is the separation map associated with Px.

O

Corollary 6.24. Let G, H be groups, F' be a common finite subgroup and q > 1. Assume that
G acts properly by automorphisms on (G, Pq, Fa(Pg)) and H acts properly by automorphisms
on (H,Py, Fg(Pp)).

Then there exists a space with labelled partitions (X, Px, Fx(Px)) on which Gxr H acts properly
by automorphisms, and morevover Fx(Px) is isometrically isomorphic to a closed subspace of

@ng(P(;) D @qFH(PH) @ 09,
Before we prove this corollary, we need the following lemma, :

Lemma 6.25. Let G be a group and F be a finite subgroup of G. Assume that G is endowed
with a structure of space with labelled partitions (G, P, F(P)) on which it acts by automorphisms
via left-translation.

Then there exists a structure of space with labelled partitions (G/F,P', F'(P")) on which G acts
by automorphisms via its natural action on the quotient G/F and where F'(P') is isometrically

isomorphic to a closed subspace of F(P). Moreover, there exists K > 0 such that, for all g, €
G :

16(9: 9| sy + K = 1 GF G F)l oy = 116(95 9| sy — K

where ¢, are the respective separation maps of (G, P, F(P)) and (G/F,P', F'(P")).
In particular, G ~ (G, P,F(P)) is proper if, and only if, G ~ (G/F,P', F'(P")) is proper.

Proof. For p € P, we define the labelling function p’ : G/F — K, by, for g € G :

P'(gF) = # > plaf).

feF

Notice that p’ is well-defined since 3 ;.o p(¢'f) = X_ s p p(gf) for every ¢’ € gF.
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We consider the family of labelling functions P’ = {p’ | p € P} and we denote by ¢’ its associated
separation function. For p € P, g,¢ € G, we have :

d(gF,g'F)(p') = # ;C(gf, 9 f)).

Then, if we set E'(P’) := Vect(d(¢F,¢'F) | 9,9 € G), the linear operator T': E'(P') — F(P)
such that :

/ / 1 /
T:c(gF,gF)HﬁZC(Qfagf),
fer

is injective. Hence we can consider the Banach space F'(P’) defined as the closure of E'(P’)
endowed with the norm [[]| ., ) = [IT(&)| s, As d(gF,¢'F) belongs to F'(P’) for all g, ¢' € G,
it follows that (G/F,P’, F'(P')) is a space with labelled partitions, and it is clear that G acts
on it by automorphisms via its natural action on G/F.

Now, let us consider n = # > ser c(f,e) € F(P). Then we have, for g € G :

”C/(gF7 F)”F/(p/) = H# Zfch(gf7 f)HF(p)
= HC(Q, 6) +no qbg - 77||F(73)‘

As & — £ogy is an isometry of F(P), we have, by triangular inequality, Hnogbg—nHF(P) < 2H77”F(7:).
Hence, again by triangular inequalities :

(g, )l oy + B = I (9F, F)l 10, = (g )l gy — K
where K = 2||n| O

F(P)*

Proof of Corollary 6.24. Assume that G acts properly by automorphisms on (G, Pg, Fa(Pa))
and H acts properly by automorphisms on (H,Pg, Fg(Pg)). Then, by Lemma 6.25, there
exists spaces with labelled partitions (G/F, P, F(P)) and (H/F,P’, F'(P’)) on which G and H
respectively act properly via their natural actions on quotients. Thus we can apply Theorem
6.23 : G*p H acts by automorphisms on a space with labelled partitions (X, Px, F,(Px)) where
X is the total space of the tree of F-cosets spaces associated with G *p H and Fy(Px) S
PIF(P) ® @LF'(P') ® £1. Moreover, we have, for v = g1hy...gnhnf € G xp H :

n
lex(F, P = 3 ea P P, + e (P P, + 16 G).
=1

For R > 0, |ex(vF, F)|| < R implies that 2n — 2 < dp(vG, G) < RY, ||cq(grF, F)||
||CH(h‘k?F7 F)HF/(p/) S R
Hence, for all R > 0, {y = gih1...gnhnf | |lex(vF, F)|| < R} is a subset of :

ey S R and
{7 = gihi...gnhn f | n < 2(R? +2) and |[cq(gr F, F)HF(P) <R, |[eu(hiF, F)HF/(’))/) < R} )
which is a finite set as F is finite, n is bounded and G ~ (G/F,P,F(P)), H ~ (H/F,P', F'(P’))

are proper.
Thus, I' ~ (X, Px, F;(Px)) is proper. d
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Proof of Theorem 4. The necessary condition is clear as G, H are subgroups of G xp H.

Now, assume G, H have property PLP. It follows from Corollary 2 that there exists structures of
spaces with labelled partitions (G, P, F(P’)) and (H,P’, F'(P’)) on which G and H respectively,
act properly by automorphisms via left-translations. Moreover F'(P) is isometrically isomorphic
to a closed subspace of a LP space and so does F'(P’).

Thus, as F is finite, by Corollary 6.24, there exists a space with labelled partitions (X, Px, Fx (Px))
on which G xgp H acts properly by automorphisms where :

Fx(Px) S EPPF(P) & (PP (P) @ .

Hence, Fx(Px) is isometrically isomorphic to a closed subspace of a LP space by Proposition
2.12. By Corollary 2, it follows that G xp H has property PLP. O
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